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Abstract-A Poisson equation solver with fourth-order spatial accuracy has been developed by 
using the interpolated differential operator (IDO) scheme. The number of grids required for obtaining 
the results of numerical computation with the same accuracy as that by the second-order center finite 
difference method is drastically reduced. The consistency is confirmed to the use of the multigrid 
method and the red-black algorithm. The decrease of the CPU time by the multigrid method and by 
the parallel computing indicates the applicability of the ID0 Poisson solver to large scale problems. 
@ 2002 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
The Poisson equation plays an important role in fluid dynamics, electromagnetism, and other 
processes. In numerical simulations in these fields, solving the Poisson equation requires long 
CPU time and large-scale computer memory. The discretized expression of the Poisson equation 
is described as a series of linear equations, and the coefficient matrix becomes large and sparse. 
Great effort has been made to develop efficient solvers. The majority of these solvers are designed 
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to find fast algorithm for large sparse matrix [1,2]. If more accurate results are required in 
computational simulation, there are two choices; the use of a larger number of grids or the use 
of discretized expression with higher accuracy. The former method requires long CPU time and 
large-capacity computational memory. The latter method derives the coefficient matrix with 
wider nonzero band and complex boundary conditions. Recently, the authors have developed an 
interpolated differential operator (IDO) scheme [3,4] for solving a variety of partial differential 
equations. The Poisson equation is one of the typical ellipsoidal equations which can be accurately 
solved by the ID0 scheme. In order to solve the Poisson equation, the Hermite interpolation of 
fifth-order polynomial [5] in space z is applied. 
F(x) = ax5 + bx4 + cx3 + dx2 + j-z,jx + fi, (1) 
where the subscript x denotes the derivative of x, fZ = g and i is the grid index number as 
shown in Figure 1. 
G-1 fi fi+l 
fx,i-l fx,i fx,i+l 
Figure 1. Illustration of fifth-order center interpolation of the ID0 scheme. 
The unknown coefficients included in equation (1) depend upon the matching conditions at the 
i - lSt and i + lSt grids; F(-Ax) = fi-1, F,(-AZ) = fz,i--l, F(Az) = _fi+l, Fz(Ax) = f++l, 
as follows, 
a = -& (fi+1 - h-1) + & (f3c,z+l +4.&i + f&-i), 
b=-& vi+1 - ?fi + h-1) + & (.fz,ic,i+l - fqi-1) ) 
c = & (fi+l - fi-1) - & (fz,i+~ + S.fz,i + fz+_~) , 
d = & Vi+1 - Vi + h-1) - & (fz,i+1 - fz,i-1). 
Higher-order spatial derivatives are obtained by differentiating equation (1) at the ist grid, 
a5.f ~ = Z(O) = 120a, 
(3x5 i 
21, 
z 
= z(O) = 24b, 
fg ,+(O)=~C, 
2 
gi,=g(0)=2d. 
2 
(6) 
Equation (1) indicates the fourth-order spatial accuracy in solving a one-dimensional Poisson 
equation. This paper describes the advantage of the higher-order Poisson solver developed by 
the authors and the applicability of simple SOR algorithm with the red-black method and the 
multigrid method [6,7] t o vector computers and parallel computers. 
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2. DISCRETIZATION AND NUMERICAL ACCURACY 
The ID0 scheme procedure for solving a two-dimensional Poisson equation is described as 
follows 
Cf+Cf=p. 
dY2 
(7) 
In order to construct two-dimensional Hermite interpolation, spatial derivatives fZ, fV, and 
f Za/ are introduced as dependent variables in addition to the physical value f. The following 
discretized expression can be obtained by replacing the second derivatives of equation (7) by (6): 
$2 (fi+1,j - 2fQ + fi-l,j) - & (fz,i+l,j - f%,i_l,j) 
+& (f&j+1 - 2fij + f&j-1) - & (fy,i,j+1 - f,,i,,_l) = pi,j, 
where the subscripts i and j are the grid indices in the X- and y-directions, respectively. The use 
of the additional dependent variables, fZ, fi/, and fZy, requires the following three equations in 
addition to (7) to determine all the variables self-consistently: 
a3f a3f ap 
623+axay2 =a 
a3f I a3f -2 
asay ay3 ay 7 
a4f a4f a2p -=-. 
axsay + asay axay 
(9) 
(10) 
(11) 
The discretized expressions corresponding to equations (9)-(11) can be reduced as shown below, 
& (fi+1,j - fi-1J) - & (fcz,i+l,j + 8fz,i,j + fqi__l,j) 
+& (fz,i,j+l - 2f%i,j + fw-1) - & (fzy,i,j+1 
(12) 
- fwj-1) = Pz,i,j, 
& (fy,i+l,j - 2fYG + fy,i-l,j) - & (fzy,z+l,j - fzy,z-1,j) 
+ s (fi,j+l - fi,+l) - & (fy,i,j+l + 8fy,ij + fy,i,j--l) = /'~.a, (13) 
& (fy,i+u - fv,i-l,j) - & (fw,i+l,j + 8fzy,i,l + fzy,o--1,3) 
& (fw+1 - fm-1) - & (fw,j+l + &fzy,i,, + fzy,i,j-1) = psy,L,j. 
(14) 
+ 
The detailed procedure for discretizing a two-dimensional Poisson equation by the ID0 scheme is 
described below. For example, a discretized equation for higher-order derivative & included 
in (9) can be obtained by constructing an interpolation of fy in the x direction and differentiating 
it. The interpolation function F,(x) is obtained by replacing f and fz in equation (1) by fy 
and fzg. The discretized expression of w can be derived by using the relationship between 
the interpolation and the higher-order derivative expressed by (6). 
Equations (8), (12)-(14) can be solved by relaxation procedures such as SOR (successive over 
relaxation) method. It is, however, difficult to apply these equations to CG (conjugate gradient) 
type solvers because of the asymmetry of the coefficient matrix. 
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In a three-dimensional case, eight dependent variables, f, _fz, fv, fz, fzy, fzz, fuz, and fzyz 
are used to construct interpolations self-consistently. The discretized expressions for a three- 
dimensional Poisson equation are obtained by using a procedure similar to that used for the 
two-dimensional case. 
(15) 
a2f a2f a2f 
~+&z+~=p. 
The following equations are obtained: 
& (fi+l,j,k - 2fi,j,k + fi-l,j,k) - & (fz,i+l,j,k - fz,i-l,j,k) 
+A$ 2 (fi,j+l,k - 2fi,j,k + f&j-l,k) - & (fy,i,j+l,k - fy,i,j-1,k) (16) 
+& (fi,j,k+l - 2fi,j,k + fi,j,k-1) - & (f.z,i,j,k+l - fz,i,j,k-1) = Pi,j,k. 
where subscripts x, y, and z denote the spatial differentiations in each direction, such as fz = g 
and the subscripts i, j, and k represent the grid index numbers in the x-, y-, and z-directions, 
respectively. 
It is necessary to solve the following governing equations to complete the consistency between 
the number of the dependent variables and the equations employed: 
a3f a3f ap g-J+- axay2 +m=dz 
a3f a3f a3f ap 
asay + dy3 + 
-=- 
ayaz2 ay' 
a3f a3.f a3f ap -- 
a22az + ay2az + az3 = 32 
a4f a4f a4f azp -- 
axsay + axay3 + axayaz2 =azay' 
a4f a4f a4f azp 
ax3az + axay2az + ==---9 axaz 
a4f a4f a4f azp 
asayaz + ay3az + dyaz3=-> ayaz 
asf a5f 
asayaz + axay3az +
a5f a% 
axayaz3 =azayaz, 
(17) 
(18) 
(19) 
(20) 
(21) 
(22) 
(23) 
The basic numerical accuracy of the ID0 Poisson solver is estimated below. The two-dimen- 
sional Poisson equation for 0 5 x 5 1, 0 5 y 5 1 is solved using the source term of p(x, y) = 
cos(k,x) cos(k,y) and Ic, = 5, k, = 5. For this estimation, the Dirichlet type boundary condition 
given by the analytic solution is used. The numerical accuracy is estimated by 
/mesh number, (24) 
where fanp,lytic stands for the analytic solution, and N and M represent the numbers of grids in 
the x- and y-directions, respectively. Equations (8), (12)-(14) are numerically calculated for the 
cases of the mesh number N x M = 9 x 9, 17 x 17, 33 x 33, 65 x 65, 129 x 129, and 257 x 257. 
For reference, the results obtained by the second-order center finite-difference method are shown 
in Figure 2. 
In Figure 2, the gradient of the line representing the results of the ID0 scheme indicates fourth- 
order accuracy. For the error level of 2 x 10 -‘, the required memory of the finite center difference 
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Figure 2. Accuracy of the results of numerical calculation by the two-dimensional 
Poisson equation. The accuracy of the results obtained by the ID0 Poisson solver is 
on the order of Ax4. 
method and of the ID0 scheme are estimated below. The finite center difference method uses 
grid number M x N = 257 x 257 and two variables, such as physical value f and source term p 
with double accuracy 8(Bytes). The required computational memory is estimated as follows, 
257(meshes) x 257(meshes) x 8(Bytes) x 2(variables) 
1024 
N 1032(k Bytes). 
The ID0 scheme uses grid number M x N = 17 x 17 and two variables with double accuracy 
8( Bytes). Each variable uses four dependent variables, such as f, fz, fy, and fzY. The required 
computational memory of the ID0 scheme is estimated as follows 
17(meshes) x 17(meshes) x 8(Bytes) x P(variables) x 4(dependent variables) 
1024 
IT 18 (k Bytes). 
The ID0 Poisson solver requires less computer memory than the finite center difference method 
to obtain the fixed accuracy. When the number of grids required for computation is reduced, the 
CPU time is decreased from 85.869sec (center FDM) to 0.008sec (IDO) on the same computer. 
In a three-dimensional or higher-dimensional case, there may be such cases where the com- 
putational memory or CPU time is limited. Judging from the results of the two-dimensional 
simulation, it is more effective to solve the three-dimensional Poisson equation with a coarse grid 
by using the ID0 scheme. The numerical accuracy for a three-dimensional Poisson equation is 
estimated by using (25) with the calculation region -1 5 2 5 1, -1 < y < 1, -1 < z 2 1, and 
source term p(z, y, z) = cos(k,z) cos(k,y) cos(kzz), where k, = ?r, k, = n, k, = 7r. 
c c c tf(i,.k k, - f=l(i,j, ‘)I ,mesh number 
l_freal(~r i k)l i j k 
(25) 
The solid line in Figure 3 indicates that the numerical accuracy is Ax4 instead of Ax2 which 
is the accuracy obtained by the second-order center finite-difference method. 
3. MULTIGRID METHOD FOR ID0 POISSON SOLVER 
The multigrid (MG) method [6,7] is, known as an effective algorithm to accelerate the conver- 
gence for relaxation methods. The MG method effectively reduces the error of longer wavelength 
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Figure 3. Accuracy of the results of numerical calculation by the three-dimensional 
Poisson equation. The accuracy estimated from the results obtained by the ID0 
Poisson solver is on the order of about Ax4. The accuracy of numerical calculation 
by the ID0 scheme with 11 x 11 x 11 grids is on the same order as that obtained by 
the second-order center finite-difference method with 101 x 101 x 101 grids. 
- CoarseGrid 
- FineGrid 
. GridTypeA 
A Grid Type B 
n Grid Type C 
Figure 4. Restriction and prolongation in the multigrid procedure. 
than the grid interval. Applying the MG method to the ID0 Poisson solver, the effectiveness of 
the the SOR relaxation process is shown. 
The restriction function for multigrid method is written as, 
T= (Q+1,j+1 + ri,j+1 + ri_1j+1 + i T +l,j + 8 x rif + ri-l,j + ~~+~,~_l + ri,j_l + r,_l,j_l) 
16 
7 (26) 
and the prolongation functions are examined by using the following three types of functions 
corresponding to the grid types shown in Figure 4: 
rij, (Grid type A), 
ri+l,j + ri,j or ri,,+1+r,,, r= 2 2 ’ 
(Grid type B), 
(27) 
ri+l,j+l + ri”i + ri,j+l + Tij , cGrid type c). 
The restriction function and prolongation functions are used for all the dependent variables 
f, fz, f,, and fz,. 
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Level 0 Grid 
Level 1 Grid 
Level 2 Grid 
Level 3 Grid 
Level 2 Grid 
Level 1 Grid 
Level 2 Grid 
Level 3 Grid 
Level 2 Grid 
Level 1 Grid 
n: Relaxation time steps 
W: Relaxation coefficient 
Figure 5. Illustration of the relaxation steps and coefficient for SOR. 
‘r 
Figure 6. Acceleration rate of calculation time in comparison with the calculation 
time by the Gauss-Seidel method. The calculation time is faster by 8.9, 270, and 517 
times compared with the Gauss-Seidel method with the SOR method, the Gauss- 
Seidel method using the multigrid method and the SOR method using the multigrid 
method. 
For example, the calculation area of -1 5 5 5 1, 1 5 y 5 2, Ax = 2/350, Ay = l/120 is 
used and the source term is given by p(x, y) = sin(k,x) sin(k,y) for k, = 6.5~ and k, = 2.3~. 
The boundary condition is imposed by the Dirichlet type. To solve this problem, a four-level and 
W-type cycle multigrid method is used. The relaxation steps n and relaxation coefficient w for 
SOR method is shown in Figure 5. 
The numerical error in the order of lo-l3 is found as expected from Figure 2. To compare the 
acceleration of calculation time, the same problem was solved by using the Gauss-Seidel method, 
the SOR method with relaxation coefficient w = 1.82 and the Gauss-Seidel method with the 
multigrid method. 
Figure 6 shows the acceleration rate in comparison with the calculation time by the Gauss- 
Seidel method. When the SOR method with relaxation coefficient w = 1.82 is used, the calcu- 
lation time decreased 8.9 times compared with the time required by the Gauss-Seidel method. 
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When the multigrid method is implemented with the Gauss-Seidel method, the Poisson equation 
can be solved about 270 times faster. Moreover, the acceleration rate is improved 517 times by 
using the Poisson equation solver with the SOR method combined with the multigrid method. It 
is apparent that the MG method is effective for the improvement of the convergence of the ID0 
Poisson solver. 
4. PARALLEL PROCEDURE 
The other method for shortening the computational time is vectorization or parallelization 
using a vector computer or parallel computer. To ensure the effective use of these functions, the 
data access dependency on the calculation of the governing equation must be removed. When the 
one-dimensional Poisson equation is solved by the SOR method, the renovation of the physical 
value on the grid i requires the renovation on the grid i - 1. In order to remove this dependency, 
the red-black algorithm has been proposed. All the grid points are classified into two groups, i.e., 
red group and black group as shown in Figure 7. 
I l Black group 0 Redgroup I 
a A m A a 
w w v e 
Figure 7. Red-black algorithm. The entire grid is divided into red and black groups. 
The values in the same group grid can be calculated without any dependency on 
calculation. 
Ax 
Figure 8. Errors in the results of numerical calculation by the twodimensional Pois- 
son equation solved by the ID0 scheme implemented by the red-black algorithm. 
The errors estimated from the results obtained by the red-black algorithm are the 
same ss those estimated by the normal procedure. 
In the red-black algorithm, the values of the red group grid are calculated at the same time. 
After renovating these values, the values in the black group grid are calculated. The relaxation 
process advances, while repeating this procedure for the red and black groups alternately. The 
convergence by using this procedure is proved analytically. 
First, let us estimate the numerical error by the ID0 scheme in which the red-black algorithm 
is implemented. In the two-dimensional case, the numerical error estimated by (24) is exactly 
the same as that by the normal procedure shown in Figure 8. For the three-dimensional case, 
the source term p(z, y,~) = cos(lc,z) cos(k,y) cos(rC,z), k, = 7r, 5 = n, k, = K is given in 
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Figure 9. Errors in the results of numerical calculation by the three-dimensional 
Poisson equation solved by ID0 scheme implemented by the red-black algorithm. 
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Figure 10. Scalability of the calculation speed for the Poisson equation solved by 
the ID0 scheme implemented by the red-black algorithm. The calculation time is 
decreased to about l/15 with 20 PEs. 
-1 I x I 1, -1 I y I 1, -1 I z 2 1. The numerical accuracy estimated by (25) is shown in 
Figure 9. The accuracy shown in Figure 9 coincides exactly with that shown in Figure 3 which 
is calculated by using the normal SOR algorithm. 
Based on these results, it may be concluded that the ID0 Poisson solver with red-black al- 
gorithm is applicable to vector and parallel computing. For the faster solution of the Poisson 
equation in the three-dimensional case, the calculation by parallel computing and the estimation 
of the scalability of the PE (processor element) number are attempted. 
The time elapsed to solve the three-dimensional Poisson equation with 51 x 51 x 51 grids with 
asource term p(s,y,z) = cos(k,~)cos(k,y)cos(L,z) and k, = k, = k, = ?r in -1 IX 51, -1 I 
y < 1, -1 5 z I 1 is measured. The parallel computer used for estimating the scalability was a 
SGI Origin 2000 system with 128 CPUs of MIPS RISC R12000 300MHz. To develop a parallel 
computing program, message passing interface (MPI) library was used. Figure 10 shows that the 
upper limit of scalability is about 15 with 20 PEs, although the problem has only 51 grids in each 
direction. 
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5. CONCLUSION 
A multidimensional Poisson equation solver using the interpolated differential operator scheme 
has been presented. The Ax4-order of spatial accuracy has been confirmed from the results 
of numerical calculation in the two-dimensional case and three-dimensional cases, respectively. 
Compared with the spatial accuracy of second-order center finite-difference method with 257 x 257 
grids, the ID0 scheme ensures the same spatial accuracy using only 17 x 17 calculation grids in 
the two-dimensional case described in the Section 2. 
To decrease the CPU time in a relaxation process, the multigrid method and the red-black 
algorithm are implemented. Based on the results thus obtained, it can be concluded that the 
multigrid method and the red-black algorithm are applicable to the ID0 scheme in a similar 
manner as the finite-difference method. 
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